Abstract. In an unpublished paper, Hsu gives a proof of the convergence of the fundamental solutions. Since we had a problem understanding Hsu's paper, in this paper we give a detailed proof of the convergence of the minimal positive fundamental solutions of the conjugate heat equation on complete non-compact manifolds under the Cheeger-Gromov convergence of Ricci flows.
Introduction
In this article we consider the Ricci flow where t denotes the Laplacian operator with respect to a solution g(t) to (0.1) and R(t) is the scalar curvature of g (t) . In this article, for simplicity, we will write t as and R instead of R(t). Notice that if g(t) is defined on an interval [0, T ] and we let τ = T − t, then (0.2) defines a strictly parabolic equation on M with respect to τ ∈ [0, T ], i.e., (0.3) ∂ ∂τ u − u + Ru = 0.
We will prove the following theorem. 
for some constant K > 0 and
converges in the C ∞ pointed Cheeger-Gromov sense to a smooth solution of Ricci If we suppose the injectivity radius at x k with the metric g k (0) is uniformly bounded from below, then there exists a subsequence of (M k , g k (t), x k ) which converges to a pointed complete solution to the Ricci flow (M ∞ , g ∞ (t), x) by the compactness result of Ricci flow [2] , [4] .
This convergence result is crucially needed in the proof of Perelman's pseudolocality theorem ( [8] , Section 10). Perelman states the claim without proof. There are statements and proofs of this convergence result in [6] (Section 33), [1] (Lemma 8.1), as well as in [5] (Theorem 2.1). The first two do not provide complete details, but we had a problem understanding [5] . In this article, we will give the complete details of Theorem 0.1.
Estimates of the minimal positive fundamental solutions
In this section, we will list some results about the estimates of the fundamental solutions from [1] . In [7] , P. Li and S.T. Yau obtained some good estimates of the fundamental solutions without Ricci flow. In this section, we only consider a complete smooth solution (M, g(t))(dim M = n) of Ricci flow with bounded curvature, t ∈ [0, T ], T < ∞.
is a solution to the Ricci flow on a complete non-compact manifold with bounded curvature. We say that H(p, T ; x, t) is a fundamental solution of the conjugate heat equation centered at (p,
We say that a fundamental solution H to the conjugate heat equation is the minimal positive fundamental solution if H is positive and if for every positive fundamental solution h to (1.1) we have h ≥ H.
The minimal positive fundamental solution on the complete non-compact manifold with bounded curvature exists (see for example [3] ) and is unique by definition. Let u(x, t) = H(p, T ; x, t) be the minimal positive fundamental solution of (1.1) on M × [0, T ).
Lemma 1.2. Let u(x, t) be as above. Then
(1.2) M u(x, t)dV t (x) = 1 for any t ∈ [0, T ),
where dV t (x) denotes the volume form with the metric g(t).
Proof. The proof of this lemma is similar to the proof of Lemma 5. 
, where r(x) is the distance function from x to p with the initial metric g(0)
and
) is the volume of the ball of radius √ T − t at center p with the initial metric g(0)
.
positive constant. Then there is a positive constant C depending only on n, T, K, D (D is the same as in Lemma
Proof. The proof is similar to the proof of Lemma 5.5 in [1] . For the sake of completeness, we will give the proof. By Lemma 1.3,
where V p (r) denotes the volume of the ball B p (r) with the initial metric g(0) and C 1 depends on the constant C in Lemma 1.3 and K, T . The first inequality has used the Ricci flow equation and |R ij | ≤ (n − 1)K, so the metrics g(0) and g(t) are equivalent; the last inequality has used the integration by parts.
where V K (r) denotes the volume of a ball of radius r in the constant curvature −K space form, and we have
where ω n denotes the volume of the n-dimensional Euclidean unit ball. Since cosh t ≥ 1 and
for all r > 0. So by (1.6)-(1.9), we have
So when
4D . 
Here we choose R large enough such that T < R 2 , where B(x k , r) denotes the ball of radius r at center x k with metric g k (0). By Lemma 1.3, we have
, where C is independent of k. Hence we have proved
Since |Rm k |(x, t) ≤ K, by Shi's estimate [10] , there exist constants c m such that
]. So by Lemma 1.5, we have
2 ), where C 1 is the constant C in Lemma 1.5 and
Then by (2.1) and (2.2), when k ≥ N , we have
Similarly, by induction from the proof of Lemma 1.5, we also know for each l ≥ 2 that
when k large enough. We will give the outline of the proof.
Suppose
Then using a cutoff argument and the fact that |∇ m−1 u| is bounded, we can obtain
Then for a maximum principle (Lemma 6.2 in [1]) we obtain Q ≤ 0. So τ f m is bounded. Hence we obtain for each l ≥ 2 that Next we want to prove u is a δ-function when t → T . For any non-negative
For any ε > 0, we choose t such that T − (
, so we have (2.9)
where dV i t denotes the volume form with the metric g i (t).
The first inequality has used Lemma 1.2 and Lemma 1.3; the second inequality has used (2.10); the third inequality holds since Φ * i g i uniformly converges to g ∞ and the metrics g ∞ (t) and g ∞ (0) are equivalent, C 3 is the constant C in Lemma 1.3, and C 5 is a positive constant depending on T, K, N 2 .
On the other hand, when i ≥ N 2 , (2.12)
D(T −t) ).
The last inequality has used Lemma 1.4, (2.9) and (2. 
